This paper surveys one of the last contributions by the late Professor Anatoly Kilbas (1948Kilbas ( -2010 and research made under his advisorship. We briefly describe the historical development of the theory of the discussed multi-parametric Mittag-Leffler functions as a class of the Wright generalized hypergeometric functions. The method of the Mellin-Barnes integral representations allows us to extend the considered functions to the case of arbitrary values of parameters. Thus, the extended Mittag-Leffler-type functions appear. The properties of these special functions and their relations to the fractional calculus are considered. Our results are based mainly on the properties of the Fox H-functions, as one of the widest class of special functions.
Introduction
This survey paper is devoted to multi-parametric generalizations of the Mittag-Leffler function E α (z) that are simultaneously an important class of the Wright generalized hypergeometric functions p Ψ q (z). The function E α (z) is named after the great Swedish mathematician Gösta Magnus Mittag-Leffler (1846-1927) who introduced it in a collection of papers [47] - [52] by the power series:
, z ∈ C (Re α > 0).
During the first half of the twentieth century, the Mittag-Leffler (M-L) function remained almost unknown to the majority of scientists. They unjustly ignored it in many treatises on special functions, including the most common ones (as e.g. Abramowitz and Stegun [1]), with an exception for the Bateman Project, where the M-L function was mentioned in the 3rd volume [12] , in a chapter "Miscellaneous functions". Furthermore, there appeared some relevant works where the authors arrived at series or integral representations of this function but without recognizing it. The successful applications of the Mittag-Leffler function and its generalizations, their direct involvement in problems of physics, biology, chemistry, engineering and other applied sciences made it in the recent decades better known among the scientists. A considerable amount of literature is devoted to the investigation of the analytical properties of this function; in the references we quote several authors who have investigated, after Mittag-Leffler, such a function from a mathematical point of view. At last, the 2000 Mathematics Subject Classification included a separate item, as 33E12: "Mittag-Leffler functions and generalizations".
The real importance of the M-L function has been recognized when its special role in Fractional Calculus has been discovered (see, e.g., SamkoKilbas-Marichev [63] ). In recent times the attention of mathematicians and applied scientists towards the functions of Mittag-Leffler type has increased, mainly because of their relation to the fractional calculus and its applications that are attracting a wide interest in different areas of applied sciences. Thus the Mittag-Leffler function has nowadays exited from its isolated life as Cinderella (using the term used by Tricomi in the fifties for the incomplete Gamma function) and has been quoted as the Queen function of fractional calculus, Gorenflo and Mainardi [16] . It is hence worth to consider also all the related functions in her court.
By introducing additional parameters one can discover new interesting properties of the M-L type functions and extend their range of applicability. Those interested in higher transcendental functions and their applications can find many interesting results, obtained recently by various authors. We label all these generalizations by the name of Mittag-Leffler, despite of the fact that some of them, for various values of the parameters can be considered as particular cases of the general class of the Fox H-functions. The H-functions offer a powerful machinery for solving formally many problems, but then by inserting the relevant parameters one often arrives at particular special functions that easier to handle and whose behaviour can be studied directly. This holds also for the M-L type functions, recently so often useful for the applied scientists who prefer to work directly with them instead of passing through the wider classes of Wright and Fox functions.
The paper consists of two parts. In the first part we briefly describe several known generalizations of the Mittag-Leffler functions, mentioning the basic literature on subject. The reader can find therein a source for further studies on the Mittag-Leffler functions both from theoretical and applied points of view.
The second part is devoted to a method of extension of the multiparametric Mittag-Leffler functions for wider range of parameters. This extension is mainly a contribution due to Prof. Anatoly Kilbas. It is based on the recognition of the Mittag-Leffler function as a special case of the Fox H-function and further, on its representation in the form of Mellin-Barnes integral.
Multi-parametric Mittag-Leffler functions
In 1899 G. Mittag-Leffler began the publication of a series of articles under the common title "Sur la représentation analytique d'une branche uniforme d'une fonction monogéne" ("On the analytic representation of a single-valued branch of a monogenic function"), published mainly at "Acta Mathematica" ([47] - [52] ). The first articles of this series were based on three reports presented by him in 1898 at Academy of Sciences in Stockholm. His research was connected with the following question:
. . be a sequence of complex numbers for which lim sup
. . determines a single-valued analytic function in the disc {z ∈ C : |z| < r}. This series is divergent at any exterior point of the disc. The questions on discussion were: 1) To determine the maximal domain inwhich the function F C(z) possesses a single-valued analytic continuation;
2) To find an analytic representation of the corresponding single-valued branch.
The function he had introduced is called now Mittag-Leffler function. The common notation used for it is:
It is known (see, e.g., [10] , [30] , [42] , etc.), that the function E α (z) is an entire function of the complex variable z of order ρ = 1/Re α and of type σ = 1, whenever Re α > 0. The properties of the classical Mittag-Leffler E α (z) are described e.g. in the recent book by Mainardi [42] and in the survey paper by Haubold-Mathai-Saxena [18] . A straightforward generalization of the Mittag-Leffler function studied in details by Agarwal [2] in 1953, is obtained by replacing the additive constant 1 in the argument of the Gamma function in (2.1) by an arbitrary complex parameter β:
We have to mention the paper [66] in which Wiman proposed in 1905 such generalization for the first time. Among the properties of Mittag-Leffler function (2.2) let us point out its representation in the form of MellinBarnes integral:
where the contour of integration separates all the poles of Γ(s), namely: s = −μ, μ = 0, 1, . . ., from those of Γ(1 − s) at the points s = 1 + ν, ν = 0, 1, . . ., with (−z) s being a specially chosen single valued branch of the corresponding multi-valued function. The so-called Mellin-Barnes integrals were first introduced in 1888 by Pincherle [56] . Here, we have to mention the brilliant historical and bibliographical description of the early theory of Mellin-Barnes integrals presented in Mainardi and Pagnini [43] . This theory has been developed in 1910 by Mellin [46] and the results were used for a complete integration of the hypergeometric differential equation by Barnes [6] .
The interest to the Mittag-Leffler functions (either of the form (2.1) or (2.2)) and to their numerous generalizations is mainly due to the following reasons. First of all, these functions are the simplest examples of entire functions of given finite order, constituting the most direct generalization of the exponential function (although their asymptotic behaviour differs essentially from the regular behaviour of exp(z), see, e.g., [15] ). A second reason is that these functions are nowadays a core of a rapidly growing area of Analysis, namely Fractional Calculus (see, e.g., an encyclopedic treatise on this subject, the book [63] ). They play a special role in the whole collection of special functions (SF) of fractional calculus (FC) (see, e.g., the recent survey papers on SF for FC by Kiryakova [33] , [35] , Kiryakova and Luchko [36] ). For the first time this role was discovered in the classical article by Hille and Tamarkin [20] . Therein, the solution to an Abel-type integral equation was presented in terms of the Mittag-Leffler function. Later on, the M-L type functions were successfully used for representation of solutions to different type of differential and integral equations of fractional order (see, e.g., Kilbas-Srivastava-Trujillo [30] , Luchko [40] , Mathai and Haubold [45] , the book of Mainardi [42] , and references therein).
The generalizations of the Mittag-Leffler functions (2.1), (2.2) are mainly motivated by their possible use in studying of certain specific and unnormal processes described in terms of fractional integrals and derivatives. One of the first generalizations of this kind was proposed by Prabhakar [58] , in the early 1970s, in relation to the solution of certain singular integral equation. He considered the function of the following form:
is the Pochhammer symbol. The properties of this function and the areas of its applications are presented, e.g. in the recent monograph [45] .
As a function of Mittag-Leffler type, the Prabhakar function can be represented by the Mellin-Barnes integral. For α, β, γ ∈ C, Re α > 0, Re γ > 0, the following representation holds 
where
In particular, in [26] a number of differential relations involving the function (2.6) were obtained. The corresponding formulas can be considered as inhomogeneous and homogeneous differential equations of order n for the functions z n(l−m+1) E n,m,l (λz nm ) and z n(m−l)−1 E n,m,l (λz −nm ), respectively. In this way, explicit solutions of new classes of ordinary differential equations were obtained by Kilbas and Saigo [27] , [61] , [62] .
For real α 1 , α 2 (α 2 1 + α 2 2 = 0) and complex β 1 , β 2 the following M-L type function with 2 × 2 parameters is defined by the series
Such a function with positive α 1 > 0, α 2 > 0 and real β 1 , β 2 was studied in details by Djrbashian [9] , who denoted it by Φ 1/α 1 ,1/α 2 (z; β 1 , β 2 ). When α 1 = α, β 1 = β and α 2 = 0, β 2 = 1, it coincides with the Mittag-Leffler function (2.2):
As a matter of fact, this is the so-called generalized Wright function (see [41] ), when denoted as
Wright himself investigated this function in the case α 1 = μ > 0, α 2 = ν > 0 in [68] , and respectively, for [67] , [69] . In the latter case, this is known as the Wright function
generalization of the Bessel function. The function (2.8 ), as a scale-invariant solution of a PDE of fractional order in both time-and space-variable, is investigated further in Luchko and Gorenflo [41] in the case 0 < −μ < ν ≤ 2 (that is, 0 < −α 1 < α 2 ≤ 2), not considered earlier. They proved that E α 1 ,β 1 ;α 2 ,β 2 (z) is an entire function for 0 < −α 1 < α 2 and complex β 1 , β 2 , proposed integral representations based on the known contour integral for the Gamma-function, asymptotic expansions for z → ∞, etc.
Let 0 < α j < 2, β j ∈ C, j = 1, 2. Then the following representation of the four-parametric generalized Mittag-Leffler function E α 1 ,β 1 ; α 2 ,β 2 (z) holds (see Rogosin and Koroleva [60] )
10) where
Here γ( ; θ) ( > 0, 0 < θ ≤ π) is a contour with nondecreasing arg ζ consisting of the following parts: 1) the ray arg ζ = −θ, |ζ| ≥ ; 2) the arc −θ ≤ arg ζ ≤ θ of the circumference |ζ| = ; 3) the ray arg ζ = θ, |ζ| ≥ . In the case 0 < θ < π the complex ζ-plane is divided by the contour γ( ; θ) into two unbounded parts: domain G (−) ( ; θ) to the left of the contour and the domain G (+) ( ; θ) to the right. If θ = π the contour γ( ; θ) consists of the circumference |ζ| = and of the cut −∞ < ζ ≤ − . In this case the domain G (−) ( ; θ) becomes the circle |ζ| < and the domain G (+) ( ; θ) becomes the domain {ζ : | arg ζ| < π, |ζ| > }. For two different values of θ 1 , θ 2 , 0 < θ 1 < θ 2 < π the union of the two unbounded domains between the curves γ( ; θ 1 ) and γ( ; θ 2 ) is denoted by G (∓) ( ; θ 1 , θ 2 ). Formulas (2.10)-(2.11) show the tight connection between the four-parametric Mittag-Leffler function and the Wright function.
Generalizing the four-parametric Mittag-Leffler function, Yakubovich and Luchko et al. [70] , [3] , [37] introduced the following Mittag-Leffler type function with 2m-parameters:
with 2m real parameters α j > 0; β j ∈ R (j = 1, ..., m) of the complex variable z ∈ C. In [70] , [3] explicit solutions to Cauchy type problems for a fractional differential equation of fractional multi-order are given in terms of (2.13). The theory of this class of multi-index Mittag-Leffler functions was developed in details in a series of papers by Kiryakova et al. [31] , [32] , [33] , [35] . Namely, in Kiryakova [31] , [32] it was proved that functions (2.13) are entire functions of order 14) and of the type
Among the results dealing with the multi-index Mittag-Leffler functions we point out those showing the relation of the above set of functions to a general class of special functions, namely to Fox's H-function. Representations of the multi-index Mittag-Leffler functions as special cases of H-function and of the generalized Wright function p Ψ q (z), p = 1, q = m are obtained, and their relations to the multiple Erdélyi-Kober (E-K) operators of fractional integration and differentiation are discussed, see Kiryakova [31] , [32] . The multi-index M-L functions are also used as generating functions of a class of the so-called Gelfond-Leontiev (G-L) operators of generalized differentiation and integration. Namely, on the set of analytic functions
in a disc, the following fractional multi-order differentiation and integration operators (with respect to multi-index Mittag-Leffler function (2.13)) are introduced in Kiryakova et al. [31] , [4] 
In a more precise terminology (see, e.g. [4] ), these are Gelfond-Leontiev operators of generalized differentiation and integration generated by the entire function (2.13), the multi-index generalization of the Mittag-Leffler function.
A Laplace-type integral transform, corresponding to these G-L operators is considered too, called multiple Borel-Dzrbashjan integral transform, or generalized Obrechkoff transform, see results in Kiryakova et al. [31] , [4] , Luchko [39] , etc. This is a H-transform (in the sense e.g. of [28] ). Some basic operational properties, complex and real inversion formulas, as well as a convolution theorem are derived. The inverse transform and the operational calculus based on the transform, are closely related to the multi-index Mittag-Leffler function.
The multi-index Mittag-Leffer functions (2.13) can be seen also as "fractional indices" analogues of the hyper-Bessel functions and extensions of a long list of special functions used in mathematical physics, fractional calculus and as solution of various mathematical models (see for example surveys by Kiryakova [33] , [35] , Kiryakova and Luchko [36] ). Volterra-type fractional multi-order integral equations 19) and initial value problems for the corresponding fractional multi-order differential equations
have been considered, [5] . There, from the known solution of the Volterratype integral equation with the m-fold integration, via a Poisson-type integral transformation P as a transformation (transmutation) operator, it is found the corresponding solution of integral equation (2.19) . Then, a solution of the fractional multi-order differential equation ( In particular, the multi-index Mittag-Leffler functions (mainly the twoand four-parametric functions) play an important role in the study of fractional order differential equations (see, e.g., [14] , [36] , [37] , [41] ). The four-parametric Wright function (generalized Wright function which can be called also four-parametric Mittag-Leffler function) is considered in [14] , namely
It is proved that this function is an entire one whenever μ + ν > 0. An integral representation of the four-parametric Wright function is obtained in the form 
with complex parameters a 1 , . . . , a n , b, and multi-nomial coefficients
In [34] (see also [35] [7] (one of the first attempts) and in Gorenflo-Mainardi [16] . Among such achievements, the following results have to be mentioned: Podlubny-Kacenak [57] (a Matlab routine that calculates the Mittag-Leffler function with desired accuracy), Gorenflo et al. [13] , Diethelm et al. [8] (algorithms for the numerical evaluation of the Mittag-Leffler function and package for computation with Mathematica), Hilfer-Seybold [19] (algorithm for extensive numerical calculations for the Mittag-Leffler function in the whole complex plane, based on its integral representations and exponential asymptotics), Luchko [38] (algorithms for computation of the Wright function with prescribed accuracy), etc.
Extended multi-parametric Mittag-Leffler functions
This part of the article deals with a method to extend the special functions which can be represented by Mellin-Barnes integral [11, Section 1.19] of the form:
with α i ∈ R and β i ∈ C, i = 1, . . . , n, n ∈ N. Here
where log |z| is the value of the natural logarithm of |z| and arg(−z) is not necessarily the principal value of the corresponding multi-valued function. L in (3.1) is an infinite contour which separates all the poles of the Gammafunction Γ(s) to the left (right) and all the poles of
is a left (right) loop located in a horizontal strip starting at the point −∞ + iϕ 1 (+∞ + iϕ 1 ) and terminating at the point −∞+iϕ 2 (+∞+iϕ 2 ), −∞ < ϕ 1 < ϕ 2 < ∞. This extension method is mainly due to contribution of Kilbas and these co-authors. The central idea is to change the contour of integration in the Mellin-Barnes integral representation, in order to define corresponding integrals for another range of parameters. We follow here the details and results in the series of articles bu Kilbas and Koroleva [21] - [25] .
In the case n = 1 and n = 2 for all z ∈ C, z = 0 the function (3.1) takes the forms
The functions defined by (3.2) and (3.3) are introduced in [21] and their generalization (3.1) in [22] . It is proved in [22] that E((α, β) n ; z) exists under the conditions (3.4) and its series representation is established in the form
for L = L −∞ and α 1 + ... + α 2 > 0. In earlier paper [21] , it is proved the existence of E α,β (z) and
respectively, and the series representations are deduced
In Kilbas and Koroleva [23] the function (3.1) has been considered in the case when all α i , (i = 1, 2, ..., n) are real and different from zero, thus extending the multi-index M-L function (2.13). It is proved that the function E((α, β) n ; z) can be represented as an H-function, and differential formulas for E((α, β) n ; z) in forms of H-functions are established. In particular, the corresponding results are obtained for E α,β (z) and E α 1 ,β 1 ,α 2 ,β 2 (z). The properties of the integral transform
on a space of Lebesgue measurable functions are obtained in [24] , and its inversion formulas are established in [25] . We note that recently the functions E α,β (z) and E α 1 ,β 1 ;α 2 ,β 2 (z) in (3.8) and (3.9) and their various generalizations and modifications have attracted much attention due to their application to the solution of the integral and differential equations of fractional order [21] , [30, .
Below the Riemann-Liouville fractional integration and differentiation of the extended generalized Mittag-Leffler function (3.1) is studied. For γ ∈ C these left-and right-hand sided fractional integration operators are defined by (3.11) and It is shown that the fractional integration (3.11)-(3.12) and differentiation (3.13)-(3.14) of the extended generalized Mittag-Leffler function (3.1) is expressed in terms of the H-function. For integer m, n, p, q such that 0 ≤ m ≤ q and 0 ≤ n ≤ p, for a i , b j ∈ C, and for
is defined by the Mellin-Barnes contour integral of the form (see [59] )
An empty product in (3.16), if it occurs, is taken to be one. An infinite contour L separates all poles of Γ(b j + β j s) (j = 1, . . . , m) to the left and all the poles of Γ(1 − a i − α i s) (i = 1, . . . , n) to the right, namely:
(1) L = L −∞ is a left loop located in a horizontal strip starting at the point −∞+ iϕ 1 and terminating at the point −∞+ iϕ 2 , where −∞ < ϕ 1 < ϕ 2 < +∞;
(2) L = L +∞ is a right loop located in a horizontal strip starting at the point +∞ + iϕ 1 and terminating at the point +∞ + iϕ 2 , where Let a i , b j , i = 1, . . . , p, be complex and α i > 0, β j > 0, j = 1, . . . , q and let
Then the H-function defined by (3.15) has sense in the following cases:
Fractional integration of the extended generalized Mittag-Leffler function
We present some formulas for the fractional integration of the extended generalized Mittag-Leffler function (3.1). To this end, the following preliminary assertion [63, (2.44) and formula 1 in Table 9 .3] is used:
The first result yields the left-hand sided integration of the extended generalized Mittag-Leffler function, as follows.
and let the contour L be taken as in (3.4) . Let γ, σ, λ ∈ C be such that Re(γ) > 0, Re(σ) > 0 and ω ∈ R, ω = 0. Then the following assertions are true:
By the same arguments as in Theorem 3.1, the corresponding results in the limiting cases are obtained:
The next result gives the right-hand sided fractional integration (3.12) of the extended generalized Mittag-Leffler function (3.1).
and let the contour L be taken as in (3.4) . Let γ, σ, λ ∈ C be such that Re(γ) > 0 and Re(σ) > 0, ω ∈ R, ω = 0. Then the following assertions are true:
Applying the same arguments as in Theorem 3.3 the corresponding results in the limiting cases are obtained. 
Fractional differentiation of the extended generalized Mittag-Leffler function
In this subsection formulas for the fractional differentiation of the extended Mittag-Leffler function (3.1) are provided. The first result yields for the left-hand sided differentiation (3.13) of E((α, β) n ; λt ω ).
Similary to the previous theorem, the corresponding results in the limiting cases can be obtained.
The next result characterizes the right-hand sided fractional differentiation (3.14) of E((α, β) n ; λt −ω ).
and let the contour L be taken as in (3.4) . Let γ, σ, λ ∈ C be such that Re(γ) > 0, ω ∈ R, (ω = 0) and 
Carrying out the same arguments as in the previous theorem, corresponding results in the limiting cases can be deduced.
Putting L = L −∞ and α 1 + . . . + α n > 0 and taking (3.5) into account, from Theorems 3.5-3.6 and Theorems 3.7-3.8 the corresponding results are deduced for the generalized Mittag-Leffler function (3.5): namely, E((α, β) n ; λt ω ) is replaced by E((α, β) n ; λt ω ) in equations (3.31)-(3.30) and (3.32)-(3.33), while E((α, β) n ; λt −ω ) is replaced by E((α, β) n ; λt −ω ) in equations (3.35)-(3.34).
Further remarks on developing of the extension method via Mellin-Barnes integral
This method of extension of different special functions having representation via Mellin-Barnes integrals has been developed recently.
First of all, we have to mention the paper by Hanneken et al. [17] . There, the Mittag-Leffler function E α,β (z) for negative values of parameter α is introduced. This definition is due to an analytic continuation of the following integral representation:
Ha t α−β e t t α − z dt, z ∈ C, (3.36) where the path of integration Ha is the Hankel path, a loop starting and ending at −∞, and encircling the disc |t| ≤ |z| 1 /α counterclockwise in the positive sense: −π < arg t ≤ π on Ha. The integral representation of E α,β (z) given in equation (3.36) can be shown to satisfy the criteria for the analytic continuation by noting that for the range domain α > 0, equation (3.36 ) is equivalent to the infinite series representation given in equation (2.2) . This is accomplished by expanding the integrand in equation (3.36) in powers of z and integrating term by term making use of Hankels contour integral for the reciprocal of the Gamma function (see, e.g., [53] 
The basic properties of E −α,β (z) have been discussed and many of the common relationships between Mittag-Leffler functions of negative α are compared with their analogous relationships for positive α. The special case of E −α (z) has found application in the analysis of the transient kinetics of a two-state model for anomalous diffusion (see Shushin [64] ). The MittagLeffler functions with negative α and the results of the work of Hanneken et al. [17] are likely to become increasingly important as fractional-order differential equations find more applications.
The method of extension has been applied recently also in Kilbas et al. [29] for the generalized hypergeometric functions. This paper is devoted to the study of a certain function p 
